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Abstract
We investigate the stability of the Magnetic Dual Chiral Density Wave (MD-
CDW) phase of cold and dense QCD against collective low-energy fluctua-
tions of the order parameter. The appearance of additional structures in the
system free-energy due to the explicit breaking of the rotational and isospin
symmetries by the external magnetic field and the field-induced asymmetry
of the lowest Landau level modes play a crucial role in the analysis. The new
structures not only affect the condensate minimum equations, but also the
spectrum of the thermal fluctuations, which lacks the transverse soft modes
that typically affect single-modulated inhomogeneous phases in the absence
of a magnetic field. Consequently, the long-range order of the MDCDW phase
is preserved at finite temperature. The lack of Landau-Peierls instabilities in
the MDCDW phase makes this inhomogeneous phase of dense quark matter
particularly relevant for the physics of neutron stars.
Keywords:
Landau-Peierls Instability, Inhomogeneous Condensates in QCD, MDCDW,
phonon fluctuations
1. Introduction
In recent years, a great deal of efforts have been dedicated to complete
the temperature-density phase map of QCD. The regions of extreme high
temperature or density are well understood thanks in part to the weakening
of the strong coupling by the phenomenon of asymptotic freedom. They are
described by the quark-gluon plasma (QGP) phase at high temperature and
low density, or by the color superconducting color-flavor locked (CFL) phase
Preprint submitted to Phys. Lett. B April 23, 2019
at asymptotically large density and low temperature [1]. More challeng-
ing, nonetheless, is to determine the phases that take place at intermediate
density-temperature regions, where lattice QCD is not applicable due to the
sign problem, so one has to rely on nonperturbative methods and effective
theories.
It has long been argued that the region of intermediate density and rela-
tively low temperature features inhomogeneous phases, many of which have
spatially inhomogeneous chiral condensates that are favored over the homo-
geneous ones. Such spatially inhomogeneous phases have been found in the
large-N limit of QCD [2, 3], in NJL models [4]-[7], and in quarkyonic matter
[8]. In all the cases, single-modulated chiral condensates are energetically
favored over chiral condensates with higher-dimensional modulations.
However, single-modulated phases in three spatial dimensions are unsta-
ble against thermal fluctuations at any finite temperature, a phenomenon
known in the literature as Landau-Peierls instability [9]. In dense QCD
models, the Landau-Peierls instability has been shown to occur in the peri-
odic real kink crystal phase [10]; in the Dual Chiral Density Wave (DCDW)
phase [11]; and in the quarkyonic phase [12]. The instability signals the lack
of long-range correlations at any finite temperature and hence the lack of
a true order parameter. Only a quasi long-range order remains in all these
cases, a situation that resembles what happens in smectic liquid crystals [13].
It is worth to notice that the two scenarios where dense quark matter
phases can be realized, neutron stars [14, 15] and heavy-ion collisions [16],
typically have very strong magnetic fields. Therefore, the field effect on dense
quark matter phases has become a hot topic of investigation (see [17, 18]
and references therein), adding an extra dimension to the QCD phase map
problem. The effect of a magnetic field in inhomogeneous phases has been
considered in quarkyonic matter [19], and in the DCDW [20, 21].
The presence of a magnetic field is relevant due to the activation of new
channels of interaction and, ocasionally, the generation of additional con-
densates. In the quarkyonic phase, a magnetic field is responsible for the
appearance of a new chiral spiral between the pion and magnetic moment
condensates, 〈ψ¯γ5ψ〉 and 〈ψ¯γ1γ2ψ〉 respectively, [19]. Additional conden-
sates also emerge in the homogeneous chiral phase [22], as well as in color
superconductivity [23].
In the DCDW phase, the magnetic field decreases the original chiral sym-
metry of the theory, significantly enhances the window for inhomogeneity
[20, 21], and leads to topologically nontrivial transport properties [24, 25]
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related to the spectral asymmetry of the lowest Landau level (LLL). Because
the DCDW phase in a magnetic field is physically distinguishable from the
conventional DCDW phase at zero field, it has been termed the Magnetic
DCDW (MDCDW) phase [24].
In this paper, we investigate the stability of the MDCDW phase against
thermal fluctuations in the region of relevance for neutron star application.
As it will be shown below, a background magnetic field introduces new struc-
tures in the system free-energy that are consistent with the symmetry group
that remains after the explicit breaking of the rotational and isospin sym-
metries by the magnetic field. The new terms not only modify the con-
densate minimum equations, but also lead to a linear, anisotropic spectrum
of the thermal fluctuations, which now lacks transverse soft modes. As a
consequence, the low-energy fluctuations do not erase the long-range order,
making the MDCDW phase not only stable at low temperatures and high
densities, in nice agreement with the arguments discussed in [25], but also a
viable candidate for the interior phase of neutron star cores.
2. Low-Energy Ginzburg-Landau Expansion in the MDCDW Phase
The MDCDW phase emerges in a two-flavor NJL theory of interacting
quarks at finite baryon density in the presence of a magnetic field [20]. The
ground state of this phase is characterized by an inhomogeneous chiral con-
densate
〈ψ¯ψ〉+ i〈ψ¯iγ5τ3ψ〉 = ∆¯ exp(iq¯z) = −
1
2G
M0(z), (1)
identical in form to the one that exists in the single-modulated DCDW phase,
except that the modulation vector there can be arbitrarily chosen along any
direction, while in the MDCDW a modulation vector parallel to the mag-
netic field is energetically favored. Without loss of generality, we choose the
magnetic field B in the z-direction and thus the condensate modulation is
q = (0, 0, q¯).
The two-flavor NJL theory in the absence of a magnetic field exhibits
vector and axial isospin symmetries SUV (2) × SUA(2), spatial rotations in
all the directions SO(3), and translations R3. However, when B is present,
it explicitly breaks the isospin symmetry and the rotations about the axes
perpendicular to the field direction. In this case, the symmetry reduces to
UV (1)× UA(1)× SO(2)× R
3.
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The low-energy theory of the MDCDW phase is described by a Ginzburg-
Landau (GL) expansion of the free-energy in powers of the order parameter
and its derivatives. The expansion usually assumes that both the order pa-
rameter and its derivatives are small, a condition that may occur near the
phase transition. The GL expansion of the MDCDW phase near the criti-
cal point (CP), that is, in the region of large temperature and low chemical
potential, was explored in [21]. However, for neutron star applications, the
region of relevance is instead that of large chemical potential and low tem-
perature. Our study hence will be focused on the region of high densities and
low temperatures, near the transition to the chirally restored phase. We shall
discuss the validity of the GL expansion in this region later in the section.
The GL expansion must be invariant under the symmetries of the theory
in the presence of the magnetic field. The order parameter is characterized
by the scalar and pseudoscalar fields σ = −2Gψ¯ψ and pi = −2Gψ¯iγ5τ3ψ, re-
spectively. Under a global chiral transformation eiγ5τ3θ/2 of the fermion fields,
they transform as σ → σ cos θ + pi sin θ and pi → pi cos θ − σ sin θ, reflecting
the isomorphism between the chiral group UA(1) and the SO(2) of inter-
nal rotations in the clockwise direction acting on the two-dimensional vector
φ = (σ, pi). In a similar way, one can see that the UV (1) transformations of
the fermions reduce to the trivial group acting on the vector φ.
Using the SO(2) representation, the GL expansion of the free energy can
be written as
F = a2,0φ
Tφ+
b3,1
2
[
φT Bˆ · ∇˜φ+ Bˆ · (∇˜φ)Tφ
]
+ a4,0(φ
Tφ)2
+ a4,2(∇˜φ)
T · ∇˜φ+
b5,1
2
(φTφ)
[
φT Bˆ · ∇˜φ+ Bˆ · (∇˜φ)Tφ
]
+
+
b5,3
2
[
(∇˜2φ)T Bˆ · ∇˜φ+ Bˆ · (∇˜φ)T ∇˜2φ
]
+ a6,0(φ
Tφ)3
+ a6,2(φ
Tφ)(∇˜φ)T · ∇˜φ+ a6,4(∇˜
2φ)T (∇˜2φ) + ..., (2)
where we introduced the normalized vector Bˆ = B/|B| in the direction of
the magnetic field and used it to form new structures (with b-coefficients)
that are consistent with the symmetry of the theory in a magnetic field and
hence do not exist in the DCDW case where no magnetic field is present. In
this representation, the derivative operator −i∇ is given by the operator
∇˜ =
(
0 1
−1 0
)
∇ (3)
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The a and b coefficients in (2) are functions of T, µ and B. In our notation,
the first subindex refers to the total order of the term and the second to the
order in the derivative. In the absence of the magnetic field, the b coefficients
vanish as these terms explicitly break the rotational symmetry about the
axes perpendicular to the field. Explicit expressions for the coefficients can
be determined from the thermodynamic potential of the theory [20, 25].
The isomorphism between SO(2) and UA(1) allows to represent the order
parameter as a complex function M(x) = σ(x) + ipi(x). In terms of M(x)
the GL expansion of the free energy (2) takes the form
F = a2,0|M |
2 − i
b3,1
2
[
M∗(Bˆ · ∇M)− (Bˆ · ∇M∗)M
]
+ a4,0|M |
4
+ a4,2|∇M |
2 − i
b5,1
2
|M |2
[
M∗(Bˆ · ∇M)− (Bˆ · ∇M∗)M
]
+
ib5,3
2
[
(∇2M∗)Bˆ · ∇M − Bˆ · ∇M∗(∇2M)
]
+ a6,0|M |
6
+ a6,2|M |
2|∇M |2 + a6,4|∇
2M |2 + ..., (4)
Assuming that the MDCDW order parameter is a single-modulated den-
sity wave M(z) = meiqz, with m ≡ −2G∆, the free energy (4) becomes
F = a2,0m
2 + b3,1qm
2 + a4,0m
4 + a4,2q
2m2
+ b5,1qm
4 + b5,3q
3m2 + a6,0m
6 + a6,2q
2m4 + a6,4q
4m2, (5)
where we kept up to sixth order terms to ensure the stability of the MDCDW
phase in the mean-field approximation. We can now argued why the trunca-
tion (5) is valid in the region close to the chirally restored phase, defined by
T << µ and µ > mV , with mV the vacuum quark mass. In such a region,
m << mV and the order parameters satisfy m/µ << q/µ < 1 [20], so after
expanding the coefficients we can show1 that the power series in q effectively
becomes an expansion in powers of q/µ. An expansion of the free energy in
powers of q/µ near the restored phase at high density has been also found in
the absence of a magnetic field for the DCDW phase at T = 0 [26].
Notice that the higher Landau levels (hLL) (l > 0) do not contribute
to the b-coefficients. We first observe that the b-terms in (5) are odd in
q. Nevertheless, as can be gathered from Eqs. (10) and (70) in Ref. [25],
1Details of these derivations will be published elsewhere.
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the portion of the free energy that comes from the hLL modes is invariant
under q → −q, hence it cannot generate odd-in-q terms. That leaves the
LLL modes as the only possible source of the b-terms. Indeed, the LLL
free energy is not invariant under q → −q, due to the asymmetry of the LLL
modes. In principle, the LLL free-energy could have q-odd and q-even terms,
but the b-coefficients clearly come from the odd part. On the other hand,
the non-trivial topology, which is closely related to the spectral asymmetry of
the LLL, always manifests itself through quantities odd in q, like it happens
with the anomalous quark number density, anomalous electric charge and
anomalous Hall current [25]. In a similar fashion, the b-terms, originated
from the odd-in-q LLL part, should have a topological nature. Besides, as the
LLL free energy is linear in the magnetic field B, so will be the b-coefficients.
The ground state is found as the solution of the stationary equations
∂F/∂m = 2m{a2,0 + b3,1q + 2a4,0m
2 + a4.2q
2 + 2b5,1qm
2
+ b5,3q
3 + 3a6.0m
4 + 2a6.2q
2m2 + a6.4q
4} = 0 (6)
∂F/∂q = m2{b3,1 + 2a4.2q + b5,1m
2 + 3b5,3q
2
+ 2a6,2qm
2 + 4a6.4q
3} = 0 (7)
If one sets the b parameters to zero in (6)-(7), the minimum equations
reduce to those of the DCDW phase obtained in [11], as expected.
3. No Landau-Peierls Instability at B 6= 0
To obtain the low-energy theory of the fluctuations we first need to iden-
tify the Goldstone bosons of the problem, incorporate the fluctuations of
these bosons into the order parameter that enters in the free energy, and
expand the free-energy about the ground state up to second order in the
fluctuations. The resultant expression will give us the free energy of the
fluctuation fields beyond the mean-field approximation.
The MDCDW ground state spontaneously breaks chiral symmetry and
translation along z, leaving only the symmetry group UV (1) × SO(2)× R
2.
This indicates that at least in principle we should consider two Goldstone
bosons: the neutral pion and the phonon. Before considering the fluctuations,
it is convenient to examine the effect of the global transformations on the
order parameter,
M(x)→ eiθM(z + ζ) = ei(θ+qζ)M(z) (8)
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From Eq. (8), one clearly sees that there is a locking between the chiral
rotation and the z-translation. Therefore, we can always express them as
two orthogonal combinations, one that leaves the order parameter invariant
and one that changes it. A similar locking has been noticed in the DCDW
phase [11]. As a consequence, there is only one legitimate Goldstone field
in the MDCDW theory. One can arbitrarily choose it as either the pion,
the phonon, or a linear combination of them. Henceforth, without loss of
generality, we consider it to be the phonon.
We then subject the order parameter to a small phonon fluctuation u(x)
and expand it about the condensate solution up to quadratic order in the
fluctuation,
M(x) =M(z + u(x)) ≃M0(z) +M
′
0(z)u(x) +
1
2
M ′′0 (z)u
2(x), (9)
where M0(z) = m¯e
iq¯z is the ground state (1) with m¯ and q¯ the solutions of
(6)-(7).
Inserting (9) into (4), and keeping terms up to quadratic order in u(x),
we arrive at the phonon free energy
F [M(x)] = F0 + v
2
z(∂zu)
2 + v2⊥(∂⊥u)
2 + ζ2(∂2zu+ ∂
2
⊥u)
2 (10)
where F0 = F(M0), (∂⊥u)
2 = (∂xu)
2 + (∂yu)
2, v2z = q
2m2[a4.2 + m
2a6.2 +
6q2a6.4+3qb5,3], v
2
⊥ = q
2m2[a4.2+m
2a6.2+2q
2a6.4+ qb5,3], and ζ
2 = q2m2a6.4.
For the sake of simplicity, we do not use the bar notation for the dynamical
parameters m and q, but they must be understood as the solutions of the
stationary conditions (6)-(7). In deriving (10), the term linear in ∂zu drops
out after using the stationary condition (7).
The corresponding low-energy Lagrangian density is
L =
1
2
[(∂0u)
2 − v2z(∂zu)
2 − v2⊥(∂⊥u)
2 − ζ2(∂2zu+ ∂
2
⊥u)
2], (11)
which leads to the following phonon low-energy spectrum
E ≃
√
v2zk
2
z + v
2
⊥k
2
⊥, (12)
where we introduced the notation k2⊥ = k
2
x+ k
2
y. Notice that it is anisotropic
and linear in the longitudinal and transverse directions.
We call the reader’s attention to the existence of the term proportional
to (∂⊥u)
2 in (10). From the stationary condition (7), we can see that if
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there were no b coefficients, this term would not be present. Since the b-
coefficients are nonzero only when there is a magnetic field, it is evident that
the spectrum of the fluctuations becomes stiffer in the transverse direction
when B 6= 0. As it shall become clear below, this observation is key for the
MDCDW phase stability.
To investigate the stability of the condensate against the fluctuations we
calculate its average
〈M〉 = ∆cos qz〈cos qu〉+ i∆sin qz〈cos qu〉, (13)
where the average is defined as
〈...〉 =
∫
Du(x)...e−S(u
2)∫
Du(x)e−S(u2)
(14)
with
S(u2) = T
∑
n
∫ ∞
−∞
d3k
(2pi)3
[ω2n + (v
2
zk
2
z + v
2
⊥k
2
⊥ + ζ
2k4)]u2. (15)
the finite temperature phonon effective action, and ωn = 2npiT .
One can readily show that
〈cos qu〉 = e−q
2〈u2〉/2 (16)
and
〈u2〉 =
1
(2pi)2
∫ Λ
δ
dk⊥k⊥
∫ Λ
−Λ
dkz
T
v2zk
2
z + v
2
⊥k
2
⊥ + ζ
2k4
≃
piT√
v2zv
2
⊥
(17)
for v2zv
2
⊥ > 0. In (17), we took into account that the lowest Matsubara mode
is dominant in the infrared.
It is worth to underline that as long as v2zv
2
⊥ > 0, 〈u
2〉 is finite and hence,
from (13) and (16), 〈M〉 6= 0. This implies that a finite temperature does
not automatically wipe out the existing long-range order, as it is known to
occur at B = 0. Only when T reaches a threshold value defined by the
condition v2zv
2
⊥ = 0, the long-range order disappears. This confirms our
arguments [25] about the expected stability of the MDCDW phase against
thermal fluctuations [27]. The lack of soft transverse modes in the presence
8
of a magnetic field does the trick of avoiding the bad infrared behavior in the
Goldstone boson dispersion that is the trademark of single modulated phases
in dense QCD [10]-[12]. Therefore, there is no Landau-Peierls instability in
the MDCDW phase. This is the main result of this paper.
For comparison, we notice the sharp contrast with the behavior at zero
magnetic field [10], where
〈u2〉 =
1
(2pi)2
∫ Λ
l−1
⊥
dk⊥k⊥
∫ ∞
−∞
dkz
T
v2zk
2
z + ζ
2k4⊥
≃
T
4pivzζ
ln
(
vzl⊥
ζ
)
, (18)
so that in the thermodynamic limit l⊥ → ∞, 〈u
2〉 diverges logarithmically,
hence 〈M〉 = 0. Hence, in the absence of a magnetic field, the single-
modulated phases can only exhibit at most a quasi-long range order in the
thermodynamic limit. This quasi-long range order has been so far confirmed
in the real kink [10], DCDW [11] and quarkyonic matter [12].
4. Conclusions
In this paper we have shown that a sufficiently strong magnetic field can
avoid the Landau-Peierls instability of the single modulated DCDW phase
in dense QCD. In this context, the magnetic field plays a dual role. On the
one hand, it acts as an extra vector that explicitly breaks the rotational and
isospin symmetries, allowing to form additional structures in the free-energy
density of the MDCDW phase. On the other hand, it induces a nontrivial
topology in the system that manifests itself in the asymmetry of the LLL
modes. The two effects combine to produce odd-in-q terms that are linear in
the field and connected to the LLL asymmetry. This in turn gives rise to a
linear transverse mode in the fluctuation dispersion, thereby preventing the
Landau-Peierls instability that is a hallmark of single-modulated phases in
3 + 1 dimensions at finite temperature.
Physically, this result is due to the coupling of the magnetic field with the
magnetic moment of the order parameter∼ Bˆ·∇M . The order parameter has
magnetic moment because it is a neutral composite scalar, made of oppositely
charged fermions with opposite spins. A similar interaction has been found
in [28], for a neutral Goldstone boson pi0 that coupled to the magnetic field
via the triangle anomaly, underlining its topological origin. Similarly, the
new interaction channels in the present paper have a topological origin too,
as the b-coefficients can all be traced back to the asymmetry of the LLL,
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a feature that is at the heart of the anomalous properties of the MDCDW
phase.
The results obtained in this paper were derived under the assumption
that the internal symmetry group of the theory in a magnetic field is reduced
from SU(2)V ×SU(2)A to U(2)V ×U(2)A, which in turn allowed us to ignore
the charged pions in our analysis. However in a magnetic field, the charged
pions are actually pseudo Goldstone bosons. Even in the chiral limit, the
charged pions acquire a field-induced mass m2pi ∼ 2e˜|B| that increases with
the field. Ignoring the charged pions is self-consistent only when their mass
is larger than twice the mass of the quasiparticles, mpi & 2m, as in this
case they become unstable and decay into quasiparticle-quasihole pairs [29].
Hence, our analysis is fine as long as the field is large enough to ensure this
threshold condition is met. At T = 0, in the region of intermediate to high
density where the condensate is favored over the chirally restored phase, the
condensate magnitude sharply decreases with the chemical potential [20].
Inserting a small temperature into the mix does not significantly change this
trend. We can then conservatively (over)estimate the field magnitude from
the results at zero temperature. For example, quasiparticle masses of order
0.2mV ≃ 60MeV and smaller are reasonable estimates [20] for this region
of chemical potential, so fields of order 1016G should be enough. Such a
strength of magnetic field is reasonable for neutron star cores [15, 30].
A natural continuation of this work will be to determine the curve in the
T-B plane that separates the regions of stability/instability of the MDCDW
ground state. This curve can be found, at each given chemical potential,
as the solution of the equation v2zv
2
⊥ = 0, using the a’s and b’s coefficients
obtained from the thermodynamics potential of the MDCDW phase at finite
temperature and taken the dynamical parameters q and m as solutions of (6)
and (7).
Although more work is still needed to determine the range of temperatures
where the MDCDW phase is favored and stable for reasonable values of the
density and magnetic field, the lack of Landau-Peierls instability and the fact
that this phase has been shown to be compatible with the observed 2M⊙
mass of neutron stars [31], make the MDCDW phase a robust candidate for
the core of compact objects.
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